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Abstract

In this article, we prove some common fixed point results for mappings involving certain rational
expressions in complete b-rectangular metric spaces. In the process, we generalize various results
of the literature.
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1. Introduction

Fixed point theory is one of the traditional theory in mathematics and has a large number of
applications in it and many branches of nonlinear analysis. Wide application potential of this
theory has accelerated the research activities which resulted in enormous increase in publications.
In a large class of studies the classical concept of metric space has been generalized in different
directions by partly changing the conditions of the metric. Among these generalizations, one can
mention the rectangular metric spaces defined by Branciari (Branciari, A. 2000)

In 2000, Branciari introduced the notion of generalized (rectangular) metric spaces where
the triangle inequality of metric spaces was replaced by rectangular inequality. Later George and
Radenovic (George, R., Radenovic, S., Reshma, K. P., Shukla, S. 2015) introduced the notion of
b-rectangular metric spaces.

Several authors proved various fixed point results in such spaces generalizing the Banach
contraction, Kannan type mappings etc. [see, e.g. (Ding, H.Sh., Ozturk, V., Radenovic, S. 2015)]

Here we prove a common fixed point result for self-mappings involving certain rational
expressions in complete b-rectangular metric spaces.

2. Preliminaries

For the convenience, we start with the following definitions, lemmas and theorems.

Definition 1.1. (Bakhtin, 1.A. 1989), Czerwik, S. (1993)] Let X be a (nonempty) set and s>1 be a
given real number. A function d: XXX — [0, co[ is a b-metric on X if, for all x,y,z € X, the
following conditions hold:
(bl) d(x,y) =0ifandonlyif x =y,
(b2) d(x,y) = d(y, x)
(b3) d(x,y) < sl[d(x,z) +d(z,y)]

In this case, the pair (X, d) is called a b-metric spaces.

Definition 1.2. (Branciari, A. 2000) Let X be a (nonempty) set and let d: XxX — [0, oo
be a mapping such that for all x, y € X and all distinct points u, v € X, each distinct from
x and y:
(r1) d(x,y) = 0ifand only if x =y,
(r2) d(x,y) = d(y, %),
(r3)d(x,y) <d(x,u) +d(w,v) +d(v,y)
Then pair (X, d) is called a rectangular metric spaces (RMS) or Branciari'spaces [1].
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Definition 1.3. (George, R., Radenovic, S., Reshma, K. P., Shukla, S. 2015) Let X be a
(nonempty) set, s = 1 be a given real number and let d: XxX — [0, co[ be a mapping such that
for all x, y € X and all distinct points u, v € X, each distinct from x and y:

(brl) d(x,y) =0 ifand only if x = y,

(br2) d(x,y) = d(y,x),

(br3) d(x,y) < s[d(x,u) +d(u,v) + d(v,y)]

Then pair (X, d) is called a b-rectangular metric spaces (b-RMS)

Note that every metric spaces is a rectangular metric space and every rectangular metric
space is a b-rectangular metric space (with s = 1). However the converse is not necessarily true.
The following example, is inspired by (Shukla, S. 2014)., shows that (X, d)is a RMS, which is
not metric spaces.

Example 1.4. Let X ={%:n e N} U {0}. Define d: XXX — [0, oo[ as follows:
0 X=Yy

d(x,y)= % {x,y}={o,%}
1 X#Y, X, ye X /{0}

Then it is easy to check that d is rectangular metric and is not a metric since

11 1 1 1 1
d(=,—)=1>=+-—=d(=,0)+d(0,—
(6 10) 6 10 (6 )+d 10)

Also, the following example shows that a b-rectangular metric space is not a rectangular metric
space.
Example 1.5 Let X = N. Define d: XXX — [0, oo[ as follows
0 X=Yy
d(x,y)=<4a xy e{,2}andx=Yy
a xorye {,2}and x =y

where a > 0 is a constant. Than (X, d) is a b-rectangular metric space with ::%>1 but it is not

a rectangular metric space, as d(1,2) = 4a > 3a = d(1,3) + d(3,4) + d(4,2).
Note that every b-metric space with coefficient s is a b-rectangular metric space with
coefficient s2, but the converse is not necessarily true. See the following example.

Example 1.6. (George, R., Radenovic, S., Reshma, K. P., Shukla, S. 2015). Let X = A U B,
where A= {% :ne N} and B is the set of positive integers. Define d: XXX — [0, oo such that

d(x,y) = d(y,x) and

0 X=Yy
2a X,y €A
d(x,y)=
xy)=ya xeAandye{2,3}
2n
a atherwise
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where a > 0 is a constant. Than (X, d) is a b-rectangular metric space with s=2>1, but it is not a

b- metric space, as for every x = % y =% does not exist s > 0 such that

d(x,y) = d(%,% )=20< s[d(x,2) + d(2,y)] ={%+%}

Definition 1.7. Let (X, d) be a rectangular b-metric space, {xn} be a sequence in X and

x € X.Then

() The sequence {Xn}nen is called a b-RMS Cauchy sequence if and only if for each >0, there
exists a natural number noeN such that for m>n >no , we have d(xm ,xn)<e or equivalently, if

lim d(x,,X,)=0.
n,m—oo

(b) The sequence {Xn}nen is said to be b-RMS convergent in xe X if and only if for every €>0
there exists noeN such that for n>no , we have d(x» ,x)<e or equivalently, if lim d(x,,x)=0.
N—o0

(c) A b -rectangular metric space (X,d) is called complete if every Cauchy sequence in it is
b- RMS converges to some x € X.

Note that, limit of a sequence in a b-RMS is not necessarily unique and also every b-
RMS-convergent sequence in a b-RMS is not necessarily b-RMS-Cauchy. The example 1.6 show

that fact. (The sequence {%} converges in 2 and in 3, so the limit is not unique. Also it is not

Cauchy.).
Lemma 1.8. (Ding, H.Sh., Ozturk, V., Radenovic, S. 2015) Let (X, d) be a rectangular b-metric
space with s > 1 and let {x,} be a sequence in X such that x,, # x,,, whenever n # m and
lim d(X,,X,:1)=0 .
nN—o0
If {x,} is not a b-rectangular Cauchy sequences, the there exist £>0 and two sequences {m(k)}
and {n(k)} of positive integers such that for the following sequences of real numbers
d(%m@e Xn(0)s d(Xm@o+1, %n@o-1) aNd d(Xm e, Xngo-2) hold:

& T E T
d(Ximiy Xn()) = € S klmd(xm(k)’xn(k)—z) <e and 3 k"_rﬂod(xm(k)ﬂ’ Xn(k)-1)

Lemma 1.9. (Ding, H.Sh., Ozturk, V., Radenovic, S. 2015) Let (X, d) be a rectangular b-metric
space with s = 1 and let {x,,} be a b-rectangular-Cauchy sequence in X such that x,, # x,,
whenever n = m. Then {x,,} can converge at most one point.

3. Main Results

Theorem 2.1. Let (X, d) be a rectangular b-metric space with s > 1, and f, g: X — X be two self
maps such that for all x,y € X

d(fx, gy) < d(gx, gy) + p 3@ MA@, )

docy) y[d(gx, fx)+d(gy, fy)]

+8[d(gx, ) +d(gx gy)]+n[d(ay, fy) +d(gx, gy)] + kd (gx, fy)
where 0 < a+f +2y +28+2n+k<1,0<a+8+n+k<-and0<y+5<-.

(2) f(X)<g(X), one of these two subset of X being complete
(3) f, g are weakly compatible
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then £, g have a unique common fixed point.

Proof. Let x, be a arbitrary point of X. Since f(X)cg(X) we can choose x; € X such that
f(xo) = g(x;1). Countinuing this process, having choosen x,, in X, we obtain x,,,; in X such
that f (x,,) = g(x,+1). So, for convenience, let put y,, = fx,, = gxn41-

If for any n, y,, = yn41, then fx,, .1 = gx,41 and f, g have a point of coincidence.

Suppose that y,, # y,41 forall n € N. From (1) in theorem we obtain that

d(9%y1, Xn.1)d (9%, ;)
d(G¥pen, %)
[, ) + (@K, 1]+ [ (Pt 1) + A (P, 00)]
+n[d (9%, £x3) +d(9%ns1, 9%) ] + kd (9%n41, Xy
d(Yn, Yni1)d (Yo, Yn)
d(Yn: Y1)
+68[d(Yn Yns1) + A Vns Va1 ]+ 72[d (Vnots Vo) + A (Yo Yna) ]+ KA (Yno Yosa)

d(yn+1v yn) = d(an+1, an) <ad (an+1, an) +ﬂ

=ad(Yn, Yna) + 5 +7[d(anyn+1)+d(yn—lvyn)]

= ad(yn, yn—l) + ﬂd(yn ' yn+1) + 7/d(yna yn+1) + 7d(yn—1a yn) + 5d(yn+1v yn) + 5d(Yn ) yn—l)

+2nd(Yn, Yn-1) + Kd (Yni1, Yn)
a+y+0+2n

1-f-y-5-k
SO, d(Yn1 ) A (Yo, Yng) SA%A (Yog, Yn2) <. <2"d (Yo, Vo).
Since 0 < A < 1, then we have that

lim d(Yn,1.Yn) =0 (4)
Nn—o0

Now, let us prove that sequence {y,,} is a b-rectangular- Cauchy sequence in b-RMS (X,d) .
The sequence {y, } satisfies all conditions of Lemma 1.8. So, if we suppose that it is not a b-
rectangular-Cauchy sequence, then there exist € > 0 and two subsequences {Vom )} and {yn )}

such that the following sequences of real numbers d (V@ Ynio)r @(Ymio+1 Yn@-1) and
d(ym(k), yn(k)—z) satisfy the relations of Lemma 8. The index n(k) is the smallest index for
which d(Yma), Ynao) = €. SO, by (1) we have
d(Ym)+1 Ynao)-1) =9 (Xmgoy1s Hngoy-1) < d (WXiny+1, PXngiy-1)
d (P41 Xmey+1)d (PXny-10 Kny—)
d (9Xm(k)+1 PXnk)-1)
+ 5[d (PXm1r Kimcy+1) + 4 (IXimkya an(k)—l)J
+ ﬂ[d (9Xnk)-1+ Hngy-1) + d(Xmqy+1» 9Xn(k)-1)] +kd (9Xmeiy+1 PXngo)-1)
d(Ymey» Ym)+2)9 (Yng)-2+ Yn()-1) .
d(Ymk): Yng)-2)
Y[d (Yimeky» Ymk)+1) + A (Yngky-2: yn(k)—l)} + 5[d (Ym(k)» Ym+2) + A Vimey » yn(k)—Z)}

+7n [d (Yngy-2+ Yn@k)-1) + A (Ymq) yn(k)-z)] +kd (Ym(k)» Ynk)-1)

that is d(Y,.1, ¥n) <Ad(Y,, Yng) Where A= and0<A1<1

+ 7’[0' (PXmeiy+1+ K1) +d (a1 fxn(k)fl)}

=ad(Ymky» Yn)-2) + B
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Taking the upper limit as k — oo and using Lemma 8 and (4) we get

%Sa&+ﬁ-0+7/-0+5g+ng+kg:(a+§+77+k)g

that is a contradiction, because o + 6 +n+k< 1 Hence the sequence {y,} is a b-rectangular-
S

Cauchy sequence in b-RMS (X,d).

Suppose, without loss generality, that g(X) is complete. Then {y,} converges to some u € g(X),
SO exists v € X such that u = gv.

To prove that fv = gv. Suppose that fv # gv and by Lemma 1.9, y,, = fx, # fvand y, =
gxns1 # gv for n sufficiently large. Hence, by b-rectangular inequality we have

d(fv, gv) < sld(fv, fxn) + d(fxn, fxni1) + d(f X1, gV)]
= s[d(fv, fxn) + AW Yns1) + dVnsr, 9] (5)

d(fv, ix,) <ad(gv,gx,) + £ ‘ (gv’olf(vg)\(/]| (ggxxn), =

+y[d(av, 'v) +d(gx,, fx,)]+ S[d(gv, fv) +d(gv, gx,)]
+1[d(9%,, f,) +d(gv, g%, )]+ kd (gv, fx,) (6)

d(u, V)d(Yn1: Yn)
TR +y[d(u, ) +d(Yng, Vn)]
+8[d(u, ') +d U, Yo ]+ 7[d (Yo, Ya) + AU, Yoog) ]+ kd (U, yp)
By (5) and (6) we have

%d(fv,u)gad(u,yn_mﬂ

=ad(U,yh4)+ 8

d(u, v)d(Yn1, Yn) d(u, fv)+d
d(gv, Yn4) a8 "

+6[d(u, ) +d(U, Yog)]+7[d (Vg Yn) + AU, Yo )]+ kd (U, Vo) +d (Yn Yner) +d (Ve U)
Taking the limit as n — oo, we get

ld(fv,u)s(x-OJrﬂ-0+yd(u, fv)+od(u, v)+n-0+k-0+0=(y +)d(fv,u)
S

Since 7+5<% we have d(fv,u) = 0and fv =u = gv.

But the maps f,g are weakly compatible, thus fu = fgv = gfv = gu.
Let us show that u is a fixed point for f and g.

d(fu,y,)=d(fu, fx.) < ad(gu, gx,) + A d(g“’df(‘;)j;ixn)' )
+y[d(gu, fu) +d(gx,, fx,)]+[d(qu, fu) +d(gu, gx,)]
+n[d(g%,, fx,) +d(gu, gx,)]+kd (qu, fx,) (8)
d(fu, fu)d(y,_1, ¥n)
a(fuy 1) +y[d(fu, fu) +d(¥y 1, Yn)]

+8[d(fu, fu) +d(fu, yp_g)]+7[d(Yng, Yo) +d(Fu, yo_g)] +kd (fu, y,)
Taking the limit as n — oo, we get
d(fu,u) <ad(fu,u)+aod(fu,u)+nd(fu,u)+kd(fu,u)=(c+6+n-+k)d(fu,u) 9
Sincea+d6+n+k<1wegetd(fu,u) =0 and fu = u = gu i.e. uisacommon fixed point
for fand g.

=ad(fu,y, 1)+ /8
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We can prove that u is unique. In fact, if u and v are two common fixed points for f and g and by
(1) we have

d(qu, fu)d(gv, fv)
d(gu. gv)
+6[d(qu, fu)+d(gu, gv)]+7x[d(gv, fv)+d(gu, gv)]+kd(gu, fv)
=ad(u,v) +od(u,v) +nd(u,v)+kd(u,v) =(a+ 0 +n+k)d(u,v)
Sincea+ 6+ n+k <1wegetd(u,v) =0 and u=v. The proof is complete.

d(u,v) =d(fu, fv)<ad(gu, gv) + +y[d(gu, fu) +d(gv, fv)]

Remark 2.2. Fora = a,y =band f = § = n = k = 0 in Theorem 2.1 we have the theorem of
Ding et al. in [2].
If g = Iy we take the following theorem:

Theorem 2.3. Let (X, d) be a rectangular b-metric space with s > 1, and f: X — X be a self map
such that for all x,y € X

0 d(fx, fy) <ad(x, y)+ﬂW+y[d(X, fx) +d(y, fy)]

+S[d(x, 5) +d(x, )] +n[d(y, fy) +d(x, y)]+kd(x, fy)
where 0 <@+ f +2y +26+2n+k<1,0<a+8+n+k< and0<y+5 <.

(2) f(X) is complete, then f have a unique fixed point.
This theorem generalizes the corollaries 2.2, 2.3, 2.4, 2.5 in (Ding, H.Sh., Ozturk, V.,
Radenovic, S. 2015).
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